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1. Probability Space Formalism
Probability Space
Random Variable
Lebesgue—Stieltjes Integral
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Probability Space

Probability Space Formalism

Definition (Probability Space)
A probability space is defined as a 3-element tuple (2, F,P) where

> Q is the sample space, i.e. the set of possible outcomes. For example, for a coin
toss Q = {Head, Tails}

» The o-algebra F represents the set of events we may want to consider.
Continuing the coin toss example, we may have Q = {(), Head, Tails, {Head, Tails} }

» A probability measure PP : F — [0,1] is a function which assigns a number in [0, 1]
to any set in the o-algebra F. The function P must be o-additive and P(Q2) =1
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o-algebra

Probability Space Formalism

Definition (o-algebra)
A o-algebra F is a collection of sets satisfying the property
» F contains Q:Q € F.
» F is closed under complements: if A € F then Q\ A€ F.
» F is closed under countable union: if Vi A; € F, then | J; Aj € F.

We use the notation B(R?) for the Borel o-algebra of RY, which we can think of as
the canonical o-algebra for R? - it is the most compact representation of all
measurable sets in RY.
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Probability Measure

Probability Space Formalism

Definition (Probability Measure)

A probability measure P : F — [0,1] is a function which assigns a number in [0, 1] to
any set in the o-algebra F.

» For every A € F, P(A) is non-negative.
> P(Q) =1.
» For all incompatible set A, € F,

P (lJ,A0) = > P(An) (1)
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Random Variable

Probability Space Formalism

Definition (Random Variable)

For a probability space (2, F,P), a real-valued random variable x(w) is a function
x: Q — RY, requiring that x(w) is a measurable function, meaning that the pre-image
of x(w) lies within the o-algebra F:

x YB)={w:x(w) e B} e F, VB e BRY (2)

Definition (Probability Distribution)

This allows us to assign a numerical representation to outcomes in 2. Then, we can
ask questions such as what is the probability P : RY — [0, 1] that x is contained within
a set BC R

P(x(w) € B) =P({w : x(w) € B}) (3)
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Lebesgue—Stieltjes Integral

Probability Space Formalism

Definition (Lebesgue—Stieltjes Integral)

For a probability space (2, F,P), a measurable function f : Q — R and a subset
A € F, the Lebesgue—Stieltjes integral

JREL® (@)
A

is a Lebesgue integral with respect to the probability measure P.

If A=Q, then Ep[f(x)] = [ f(x)dP(x).
Let f(x) = 1(x € A), then Ep[1(x € A)] = [, dP(x) = P(A).
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2. Stochastic Process Formalism
Stochastic Process
Wiener Process
Stochastic Differential Equation
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Stochastic Process

Stochastic Process Formalism

Definition (Stochastic Process)

Given the probability space (2, F,P), a stochastic process is a collection of random
variables X; or x(w, t) : Q x T — R indexed by T, which can be written as

{x(w,t): te T} (5)
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Stochastic Process

Stochastic Process Formalism

Definition (Filtration)
A filtration § = (Ft)teT on the probability space (2, F,P) is a sequence of indexed

sub-c-algebra of F:
FCFCF, Vs<t (6)

We then call the space (2, F,§,P) an F-filtered probability space. This allows us to
define processes that only depend on the past and present.

Definition (Adapted Process)

A stochastic process x is Fi-adapted if x(w, t) is Fr-measurable:

{w:x(w,t) € B} € F;, Vte T,VB e B(RY) (7)
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Wiener Process

Stochastic Process Formalism

Defl n |t|0n (Wiener Process) 150 - 1D Brownian Motion of 1000 Particles

An Fi-adapted Wiener process
(Brownian motion) is a stochastic

100

process W; with the following 50
properties: g
> W, =0. &
> If [t1, t2] N [s1, 2] = 0, then o
Wt2 - th and W52 - Wsl are -100 |
independent
| 2 W,_b2 — th ~N (0, ty — tl) %0, 200 41;0Time stepeéo a0 1000
forth > 4
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Stochastic Differential Equation

Stochastic Process Formalism

Definition (Stochastic Differential Equation)

For Fi-adapted stochastic processes u(t, X;) and o(t, X;), an Itd process X; is defined

as
t

t
X = Xo -l-/ wu(s, Xs) ds -l-/ o(s, Xs) dW, (8)
0 0
which is often notationally simplified to

dXt = ,Ll,(t, Xt) dt + U(t, Xt) th (9)
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3. It6 Calculus
[t Integral
I1td Lemma
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I1to Integral

I1t6 Calculus

Naively defining the integral with respect to Brownian motion as before is problematic,
since the limit is no longer well-defined (unique) for this case:

b n—1
/a Xt th = nll)ngoZXt’* (Wt,'+1 - Wti) ) (10)

where, t; = a < tp < ... < t, = b, t} € [t;, tiy1]. For the above limit to exist, we
require that the function W;, has a bounded total variation in t, which does not
happen, since Brownian-motion paths do not have bounded total variation.
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I1td Integral

I1t6 Calculus

Definition (It Integral)
If we fix the choice t = t;, it can be shown that this limit will converge in the
mean-square sense.

b n—1
/.-, Xe dW; = nan;o;Xt, (Wt — Wy) (11)

Remark.
The It6 integral is special because it is a martingale.

t r
E[/ stWs|3,] :/ YedW,, r<t (12)
0 0

when §, is the filtration generated by { W, Ys}s<,.
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I1to Lemma

I1t6 Calculus

Lemma (Quadratic Variation)

For a partition Tl = {tg, t1, ..., t;j} of an interval [0, T], let || = max;(tiy1 — ti). A
Brownian motion W; satisfies the following equation with probability 1:

my o Weey = W =T (13)

Remark
To view it informally, we can say

(dW)? = dt (14)
which is a core transformation in the following proof of I1t6 Lemma.
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Ito Lemma
1t6 Calculus

Theorem (It6's lemma)

Let f(x) be a smooth function of two variables, and let X; be a stochastic process
satisfying dX; = s dt + oy dW; for a Brownian motion W;. Then

of of 1 ,0°f orf
df(t,Xt) = (81: +ut8 + O't.a 2) dt + aatth. (15)
Proof.
Following the Taylor expansion, we have
2
df (t, X¢) = gdt + 8det + = 19 f(dXt)
ot ox 2 0x? (16)
Sy g+1 20°f dt + 0.2 aw,
ot " Mox 2%t ax2 Ttox

— 18/77



I1to Lemma

I1t6 Calculus

Remark.

For some more complicated SDE
dYt = /.,L(t, Yt) dt+0’(t, Yt) dBt, (17)

we can define a function such that Y; = f(t, X;) and use |1t6 Lemma to identify the
dY:.
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4. Kolmogorov Equations
Kolmogorov Backward Equation
Kolmogorov Forward Equation
Some Corollaries
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Kolmogorov Equations

In probability theory, Kolmogorov equations, including Kolmogorov forward equations
and Kolmogorov backward equations, characterize continuous-time Markov processes.
In particular, they describe how the probability of a continuous-time Markov process in
a certain state changes over time. — WikiPedia

For the case of a countable state space and denote the probability from state x at time
s to state y at some later time t to be p(s, x; t,y). The Kolmogorov forward equations

read
ap(s, x; t,y)

g = Rl b A1) (19)

while the Kolmogorov backward equations are

LA -7 Pl 7 A (19)

where A(t) is the generator and A, (t) = [W] ;2 ,A(t)=0.
t=s
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Kolmogorov Backward Equation

Kolmogorov Equations

Theorem (Kolmogorov Backward Equation)

For a stochastic process following the form of dX; = p(t, X¢) dt + o(t, X¢) dW;. The
Kolmogorov Backward Equation has the form

{_8—”52’5) = n(s. ) 252 + o2 s, TE s <t

ox? 7 20

a3, 1) = ) 0
The solution is given by Feynman-Kac formula E [f(XT)|X: = x| = u(t, x).
Then, if f(x) = 0,(x), we can derive the transition probability density p(s,x;t,y)
through the propagation of Kolmogorov Backward Equation.

x: x: 2 x:
_ap(sés't’y) — ,LL(S, X) ap(séxvtvy) + %0.2(57 X)a P(g;Qvtfy), s<t (21)
p(t,x; t,y) = 6y(x)
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Proof of Kolmogorov Backward Equation
Kolmogorov Equations

Proof.
Let us recall the 1t6 Lemma

[ Of 1 ,0°f of
df(Xt) = (,Uta—x + 50}@) dt+ 5th
of

(22)

Then, suppose u(t, x) solves the partial differential equation (PDE)

Oru+ Lu=0, fort < T with u(T,x)="f(x) (23)
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Proof of Kolmogorov Backward Equation
Kolmogorov Equations

Proof.
By Ito with X; = x

f(XT) = u( T, XT)

i
—u(tx) + /t (Oeu(s, Xs) + Ox.u(s, X)) ds

= u(t,x)+ /tT (Oru(s, Xs) + Lu(s, Xs)) ds + /tT Oxu(s, Xs) os(Xs) dWs

E[f(XT)[Xe = x] = u(t, x) 2
O
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Remarks of Kolmogorov Backward Equation

Kolmogorov Equations

The Kolmogorov Backward Equation can seen as the optimality condition of the
"mean field dynamic programming” problem.

To demonstrate that, recall the expectation explaining u(x, s) = E [f(X¢)|Xs = x]. The
optimality condition states that

E[f(X)IXs = x] = E[E[f(Xe)[ Xsra] [Xs = x] = E[u(Xs1a,5 + A)[Xs = x]  (23)

Then, if we denote du(X;,s) = lima_o u(Xsya,s + A) — u(Xs,s), the optimality
condition E [du(Xs, s)|Xs = x] = 0 can be stated as

du(x,s) _ 6u(Xs,s) o [ou(Xs,s)
b = B | s X = x| =B | = 25X = x (24)
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Fokker-Planck (FPK) equation

Kolmogorov Equations - Kolmogorov Forward Equation

Theorem (Fokker-Planck (FPK) Equation)

For a stochastic process following the form of dX; = p(t, X¢) dt + o(t, X;) dW;. The
Fokker-Planck (FPK) equation has the form

{%z—%(u(y, Duly. 1) + 32 (0. uly. 1), s<t

(25)
uly,s) = p(y)
Then, if p(y) = 0x(y), we can derive the transition probability density p(s,x;t,y)
through the propagation of Fokker-Planck Equation.
81— (9y (:U’(y7 )p(S X3 .y))+ Qay ( (yv )p(s,x, 7y))a s < (26)
p(t, x;t,y) = bx(y)
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Proof of Fokker-Planck (FPK) equation

Kolmogorov Equations - Kolmogorov Forward Equation

Proof.
According to the definition

CRX)IX] = fim B [u(Xera) — (X)X,

= A“EO %E [E [u(Xera) — u(Xe)[Xe] | XS]

=2 [ | 255 = «| )] (21)

0 1 9?
=FE |:,U,(S,X)a—XU(Xt, t) + EUz(Xt, t)wU(Xt, t)|X5
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Proof of Fokker-Planck (FPK) equation

Kolmogorov Equations - Kolmogorov Forward Equation

Proof.

2
%E [W(X)|Xs = x] = E [,u,(s,x)%u(Xt, £ + %f(xt, ) (,f u(Xe )X = x]

s.x 2
/ U(y)wd}: / [u(y, t)a%U(y, t)+%02(y, t)aa—WU(y, t)] p(s,x; t,y)dy
2

= / u(y) [—a%(u(y, t)p(s, x; t,y))+%aa—y2(02(y, t)p(s, x; t,y))] dy

(27)
which shows that
s, X; ?
T ot w0 —%w( H)p(s,xi t,y)) + -%( oplsxity) (28)

O
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Corollary of Fokker-Planck (FPK) equation

Kolmogorov Equations - Kolmogorov Forward Equation

Corollary (Master Equation.)

If Xo has density function pyo(x), then the density function p(t,y) of X: can be get by
propagating the Fokker-Planck equation.

{% = —& (uly, t)p(t,y)) + %3%25 (o2(y. t)p(t,y)), s<t (20)
p(0,y) = po(y)

Proof.
E(f(X:)) = E(E[f(X:)]|X0)

= / [ / f(y)p(0,x; t,y)dy} po(x)dx (30)
[ f0aptesay = [ 1] [ obp(o.xi o] ay
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Reverse-time SDE
Kolmogorov Equations - Some Corollaries

Definition. Given the stochastic process X(-) : dX = F(X, t)dt + G(X, t)dW and the
marginal probability density p;(X(t)) at time t, the reverse-time stochastic process is
defined as

dX = — {F(X, f-v. [G(X, £)G(X, E)T] — G(X,E)G(X, )T Vxlog p;(x)} di+G(X, F)dV
when n =1 and G(X,t) = G(t)
dX = — [F(X,t) — G*(f)V«log pz(x)] df + G(£)dW

where WW/(-) represents the standard Wiener process when time flows backwards, and
dt is an infinitesimal negative timestep from T to 0.
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Reverse-time SDE

Kolmogorov Equations - Some Corollaries

Proof. For some stochastic process X(-) : dX = F(X, t)dt + G(t)dW, the corresponding
Fokker-Planck equation is defined as

‘9Pé(tx) _ _a% [F(X, £)pe(X)] + %% [G2(£)pe(X)]

We also define the reverse-time stochastic process Y () : dY = F(Y,f)dt + G(£)dW, and the
corresponding q:(Y) is defined as

) = - = T = 0= 355 (6T ~ )
_ a% [(F(X, T — t) — G(T — t)Vylog pr—e(x)) pr—e(X)] + %% (62T — t)pr+()

— 5 [(FOB) = GOV bog () V)] + 5 55 [6X(Baulv)]

then, according the FK equation, we have
F(Y,f) = —F(X,{) + G*(f)V, log pr(x), G(t) = G(¥)
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Probability ODE Flow

Kolmogorov Equations - Some Corollaries

Definition. For each reverse-time stochastic process, the probabilistic flow ODE can be
defined as followed whose trajectories share the marginal probability densities p;(X(t)).

dX = — {F(X, £) - %v : [G(X, HG(X, 5| - %G(X, £)G(X, )"V, log pf(x)} df
when n =1 and G(X,t) = G(t)
dX = — [F(X, £) — %G2(E)vx log pf(x)] df

where df is an infinitesimal negative timestep from T to 0.
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Proof of Probability ODE Flow

Kolmogorov Equations - Some Corollaries

Proof. For some stochastic process X(-) : dX = F(X, t)dt + G(t)dW, the corresponding
Fokker-Planck equation is defined as

Ope(X) 0 10 )
We also define the reverse-time ode process Y () : dY = F(Y, t)dt, and the corresponding
g:(Y) is defined as

9q:(Y) _8PT—t(X) _

o) - 0T PR T~ ()] -

— % [(F(X, T—1t)— %Gz(T — t)Vylog PT—t(X)> pr—t(X)}

2

(T~ pr (X))

0 w1 .
— 57 | (FOxB - 3@ ozpit) ) ai)
then, according the continuity equation, we have

F(Y,f) = —F(X, )+ %G2(E)VX log p:(x)
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5. Generator for Markov Process
Generator
Kolmogorov Forward Equation
Kolmogorov Backward Equation
KBE KFE
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Generator Definition
Generator

Theorem (Generator Definition)
d
al A G

where function f is the integrable test function and k., p; represents the transition
kernel from time t to time t + h. We can define the linear action (-, -)to be

(kepnje, ) (x) = ’lngo (k thlt) f>h(x) f(x) def

™ / F(x)pe(dx) = Expy [F(X)]
(kegnies £) () E (ke ngeC1x), £) = E[F(Xewn) | Xe = x]

The tower property implies that (p, (kespe, f)) = (Pesn, F)-

(32)
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Generator Example
Generator

Corollary (Flow)
Given the ODE dX; = u(Xt, t)dt, the generator is

E[f(Xe + hue(Xt) + o(h))| Xe = x] — f(x)

[£:£100) = llvi—n>10 h
— lim th(x)Tut(x) + o(h) (33)
h—0 h

= Vf(x)Tut(x)
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Generator Example
Generator

Corollary (Diffusion)
Given the SDE dX; = o(X¢, t)dB, the generator is

[L:F](x) = ;',i_rl“o E [f(X: + hoe( Xt )er ";O(h))|Xr _ ] - f(x)

= —at 2(x) - V2f(x)

(34)
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Kolmogorov Forward Equation
Kolmogorov Forward Equation

Theorem (Kolmogorov Forward Equation)

d d
Ot (Pr, f) = dh <Pt+h7 f) = <Pt: %‘ <kt+h|t, f>> Pt7£ f> (35)

h=0
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Adjoint KFE
Kolmogorov Forward Equation

Theorem (Adjoint KFE)

Let us define the adjoint generator L as
<pt7 ‘th) = <£>:pt7 f> (36)

Then, we have this adjoint Kolmogorov Forward Equation

Fepe(x) = [Lrpe] (%) (37)
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Proof of Adjoint KFE
Kolmogorov Forward Equation
Proof of Adjoint KFE.

D¢ (pe, ) = O / F()pe( )

_ / F(x)9pr(dx)
= <Pt,£tf> (38)
= (Lipe, f)

— [ feacipan)
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Complete Proof of Adjoint KFE
Kolmogorov Forward Equation

Proof of Adjoint KFE.

We demonstrate that £ and L' are adjoints by proving the identity (Lu, p) = (u, LTp),
where the inner product (f, g) = [ f(x)g(x) dx. For simplicity, we use the
one-dimensional case where D(x,t) = o (x t).

2

o) = [ (oGt + 50000175 ) pla)

—0o0

> [ Ou 1 _0%u
- L) e [ (952

Term 1 (Drift) Term 2 (Diffusion)

We now integrate each term by parts.
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Complete Proof of Adjoint KFE
Kolmogorov Forward Equation

Proof of Adjoint KFE.
For the drift term:

/Z (“g_x> p dx = [nup]™,, - / : 0(5;;))

= _/ agip) dx (assuming boundary terms vanish)
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Complete Proof of Adjoint KFE
Kolmogorov Forward Equation

Proof of Adjoint KFE.
For the diffusion term (integrating by parts twice):

1 _0%u B du * 19(Dp) du
I (2Da 2) i [Dpa] oo‘/_ooi ox ox ™
[ 10(Dp) du
—‘/ 2 ox ax

=[] [ (G

[ G5P)
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Complete Proof of Adjoint KFE
Kolmogorov Forward Equation

Proof of Adjoint KFE.
Combining the results:

(Cu.p) =/°° , (_3(up) +132(Dp)) "

oo Ox 2 Ox?
= / u(Lp) dx
= (u, LTp)

This completes the proof. O
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Adjoint KFE example
Kolmogorov Forward Equation

Corollary (Flow)

The adjoint generator is Lip: = —V - [ur(x)pe(x)], which leads to the well-known
continuity equation:

atPt(X) =-V- [Ut(X)Pt(X)] (39)
Proof.
(Pes LoF) = B [LeF(x)] = / LoF(x)pe(x) dx = / V)T () pe(x) d
= [ FT - R0l o (40)
= [ Fealcipd) o
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Adjoint KFE example
Kolmogorov Forward Equation

Corollary (Diffusion)

The adjoint generator is Lip; = V2 - [02(x)p¢(x)], which leads to the well-known
Fokker-Planck equation:

Oep(x) = 5V [02(x)pe(x)] (a1)
Proof.
(pe £4f) = Bl ££ (0] = [ Lef()pel) = 5 [ a2 T2 (0)pu(x) o
=5 [ #0972 [ o (42)
= [ Featcipde) o
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Kolmogorov Backward Equation
Kolmogorov Backward Equation

Theorem (Kolmogorov Backward Equation)

The function u(x,s) = (kys, ) (x) = E[f(X¢) | Xs = x] satisfies the following partial
differential equation:

D kg )00 = £ (ko) () (2)
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Proof of Kolmogorov Backward Equation
Kolmogorov Backward Equation

Proof of Kolmogorov Backward Equation.
Let us first expand the transition kernel from s - ttos — s+ h — t:

(kejs: 1) (%) = (Ksipiss (kejsani ) (%)
E[f(X:) | Xs =x] =E [<kt|s+h’ f> (Xsqn) | Xs = X] (44)
—B[f(X) | X =]

Then, take derivative on both side
i|h=o (kes, F) (x) = i|h=o (ksthjs, (kejsnr F)) (X)
dh dh
d
0 = [Ls (ks F)](x) + %|h:0 (kejsn ) (x) (45)

=L <kt|57 f> (X) + % <kt|s7 f> (X)
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Proof of Kolmogorov Backward Equation
Kolmogorov Backward Equation

Proof of Kolmogorov Backward Equation.
This concludes that

0
s <kt|sv f> (X) =—Ls <kt|sa f> (X) (44)
Let u(x,s) = E[f(X:)|Xs = x], this is equivalent to the KBE in section 4.1. O
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KBE & KFE Conservation Law
KBE & KFE

Theorem (Conservation Law)
Let p(x,t) be the probability density function satisfying the Fokker-Planck Equation:

op ) 102

ZF_ Tp— 27 (52
9 L'p, where L'p ax(up) + 5932 (c°p) (45)

Let V(x,t) be a value function satisfying the Backward Kolmogorov Equation:

ov ov 1 ,0°V
5 = —LV, where LV = Py + 37 92 (46)
The expected value of V/(t) over the probability distribution p(t), defined as

Ep)[V(t)] = [ V(x, t)p(x, t) dx, is a conserved quantity. That is:

L EylV(5)] =0
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KBE & KFE Conservation Law
KBE & KFE

Remark.

This conservation law is remarkably general. Its validity does not depend on the
specific functional form of the initial probability distribution p(x,0). Rather, it hinges
on the adjoint relationship between the forward (£) and backward (£) operators,
which is established through integration by parts. The proof requires that the resulting
boundary terms vanish at infinity. This condition is satisfied for any “well-behaved”
system, meaning any initial distribution p(x,0) that is properly normalized and decays
sufficiently fast, and any value function V/(x, t) that does not grow excessively fast as
|x| = oo. In virtually all physically and financially relevant scenarios, these regularity
conditions are naturally met.
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Proof of Conservation Law
KBE & KFE

Proof of Conservation Law.
We differentiate the expectation with respect to time:

LBV (O] = 5 [ Vix ol 1) 0

= %(Vp) dx (Leibniz integral rule)

B ov op
= / ( 5cP T V@t) dx (Product rule)
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Proof of Conservation Law
KBE & KFE

Proof of Conservation Law.

Substituting the Backward Kolmogorov Equation for BV and the Fokker-Planck
Equation for

%Ep(t)[V(t)] - / ((~£V)p + V(LTp)) dx

- / (V(£Tp) ~ p(LV)) dx
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Proof of Conservation Law

KBE & KFE

Proof of Conservation Law.
By the definition of adjoint operators, for functions vanishing at infinity, we have the
identity:

/V(,ch) dx=/(L’V)pdx

Substituting this into our derivation yields:

%Ep(t)[V(t)] - / (LV)pdx — / (LV)p dx
=0

This shows that the expected value is constant in time. O
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Probability Transition View

KBE & KFE

Let p(s, x; t,y) represents the probability transition from time s at x to time t at y.
Then the Kolmogorov Forward and Backward Equation can be written as:

1o}
—p(S,X; &, ) = +‘Ct P(S,X; &, )

o (47)
Ep(sv 5 t>y) = _‘C’S p(sa '; tay)
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L, Adjoint Computation Rules

KBE & KFE

> The operation of multiplication with a function f(x) is its own adjoint (i.e., the
operator is self-adjoint).

» The operation of differentiation obeys (3%)* = —% and hence the second

d . . . |f d . o2 *_ 52
erivative operator IS selT-a _]Olnt (67 = ox2-

» The adjoint of a sum is (A; + A2)* = A] + A} and the product of two operators is
(A1A2)" = ASAL.
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6. Radon-Nikodym Derivative
Disintegration Theorem
RN Derivative of 1t Process
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Radon-Nikodym Derivative

Theorem (Radon-Nikodym Theorem)

Given probability measures P and Q, defined on the measurable space (2, F), there
exists a measurable function dP Q — [0,00), and for any set A C F:

P = | S50 L) (48)

where the function g—(g(x) is known as the RN-derivative.

A direct consequence of this result is

dP
] Fed = [ 6 G500 2. (49)
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Disintegration Theorem

Radon-Nikodym Derivative - Disintegration Theorem

Theorem (Disintegration Theorem)

Disintegration Theorem for continuous probability measures: For a probability space

Z,B(Z),P where Z is a product space: Z = Z, x Z,, and
> Z, CR? Z, CRY,
» 7;: Z — Z; is a measurable function known as the canonical projection operator
(i.e., Tx(2x, 2y) = zx and 7 1(z¢) = {y|mx(2x) = 2}),
there exists a measure P |, (-|x), such that

/Zxxzy f(X, y) d]P)(.y) = /ZX /Zy f(X,y) dPy|X(y|X) d]P(?T;l(X)) (50)

where P, (-) = P(7~1(-)) is a probability measure, typically referred to as a pullback

measure, and corresponds to the marginal distribution.
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Disintegration Theorem

Radon-Nikodym Derivative - Disintegration Theorem

Corollary
The disintegration theorem implies a very interesting corollary as:

dP dPyx

0N = goWgg 09 (51)

(v )de

Remarks
The disintegration theorem can be seen as the conditional probability on measure
space.
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Path Measure

Radon-Nikodym Derivative - RN Derivative of 1t6 Process

Definition (Path Measure)

For an It6 process of the form dX; = u(t, X¢) dt + o(t, X¢) dW; defined in [0, T], we
call P the path measure of the above process, with outcome space Q = C([0, T],R9),
if the distribution P describes a weak solution to the above SDE.
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RN Derivative of 1to Process

Radon-Nikodym Derivative - RN Derivative of 1t6 Process

Theorem (Girsanov Theorem)

Given two It6 processes with the same constant volatility: dX; = u1(t, X¢) dt + o dW,;
and dY; = po(t, X¢) dt + o dW;, the RN derivative of their respective path measures
P,Q is given by

O =o0 (o [ lnts.) el os+ T [ o) = sl )7 o)

(52)

where the type signature of this RN derivative is % :C(T,RY) — R,
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7. Other Theorems
Feynman-Kac Formulation
Nonlinear Feynman-Kac Lemma
Doob's h-transform
Nelson's Duality
Expected Grad-Log-Prob Lemma
Others
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Feynman-Kac Formulation (Discounting)
Other Theorems

Theorem (Feynman-Kac Formulation [Discounting))

For a stochastic process following the form of dX; = p1(t, X¢) dt + o dWe. If u(x, t)
satisfies the form

{au(x £ (x, £) 2260 Bu(x t) + 02(x, t)a u(x,t) — q(x, t)u(x, t) = —g(x, t)

u(x T)= f(x) (53)

Then, Feynman-Kac Formulation tells us that

.
u(x, t)=E[f(£r)e‘ff"(9’€"’d"+ / g(s, &)e a0 gsie — | (5a)
t

56 /77



Proof of Feynman-Kac Formulation
Other Theorems

Proof.
Recall the 1t6 formula

du(gers) = (52 4 (e 522
+8u%§;,5)

82”(557 S)
o2&, 5) )ds

1
5 Ox2
o(&s, s)dW, (55)

6”(55: )

= q(&s; s)u(Ss, s)ds — g(&s, s)ds + —5=—0(&s, s)d W,
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Proof of Feynman-Kac Formulation
Other Theorems

Proof.

multiplying both sides of the above equation by the integrating factor e~ J? aléo,
and using the 1t6 formula, we have

0)de

d (u(gs, s)e™ AN — (e, s)e I 900Ny (g, 5)ds + e Ao NPqu(g,, 5)

= e_frsq(§979)d9 (—g(ﬁs,S)ds-l— a (és, ) (65; )

(55)
Substituting the initial time t and terminal time T, we obtain

_ (T T _[* (557 )
u(t, &) = F(Er)e Ji q(&eﬂ)d9+/ e J7 al&.0)do (g(fs,s)ds ({s,s)dW) )

Taking the expectation E(- | £&; = x) over Wiener process yields the desired result.
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Feynman-Kac Formulation (Non-Discounting)

Other Theorems

Theorem (Feynman-Kac Formulation [Non-Discounting] )

For a stochastic process following the form of dX; = pu(t, X;) dt + o dW,. If u(x,t)
satisfies the form

{BU(X t) + ‘LL(X t) BU(X t) + (X t)a u(x t) o —g(X, t)

u(x T) = f(x) (56)

Then, Feynman-Kac Formulation tells us that

T
u(x,t) =E [f(&r) —i—/t g(s,&)ds|ér = x (57)
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Proof of Feynman-Kac Formulation
Other Theorems

Proof.
Recall the 1t6 formula

u(&s, u(és, s 2u 555
du(ges) = (28525 1 e, 92502 1 Lo2(e 9 TG 0

* 3“%5;, S)U(ﬁs, s)dW; (58)

U(ES, S)

= _g(£S7 S)dS + (éSv )
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Proof of Feynman-Kac Formulation

Other Theorems

Proof.

Then, integrate the u(x,t) from time t at x to the terminal time T, we get

)
u(x,t) = E [f(&) + [ als.cosle = x (58)

59 /77



Feynman-Kac Formulation (Boundary Value)
Other Theorems

Theorem (Feynman-Kac Formulation [Boundary Value])

For a stochastic process following the form of dX; = p1(t, X¢) dt + o dWe. If u(x, t)
satisfies the form

{au(x £ (x, £) 2260 Bu(x t) + 02(x, t)a u(x,t) — q(x, t)u(x, t) = —g(x, t)

u(x, T )= f(x) x € 02 (59)

Then, Feynman-Kac Formulation tells us that

Te s
u(x, t)=E[f(ﬁr)e-ffeqw’fe)du / g(s,&)e Je O£ gs|e, — x (60)

t
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Nonlinear Feynman-Kac Lemma

Other Theorems

Theorem (Nonlinear Feynman-Kac Lemma)

Given the non-linear extension of Feynman-Kac PDE

L) 4 ulx, )2 1 302(x, ) 450 — —g(x, t,u, V) (61)
u(x, T) = f(x )
and the Forward-Backward Differential Equation
dXt = /,L(t, Xt) dt + o th, XO = X0 (62)
dY: = —g(x, t,u,Vu)dt + Z; - dW;, YT = f(X7T)

If the PDE has unique solution, then we have

U(Xt, t) = Yt, oVu= Zt (63)
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Doob’s h-transform

Other Theorems

Given a process X; that solves dX; = u(t, X:) dt + o(t, X¢) dW; and assuming that we
want to condition its solution to hit Xt at time t = T, then the h-transform provides
us with the following SDE for the conditioned process:

dX = [u(t, X¢) + o(t, Xt)Qo(t, X¢)V log p(X7 | X¢)] dt + o(t, X¢)dWr,
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Doob’s h-transform

Other Theorems

Assume that an initial path measure P can be represented as an SDE, then the Doob
h-transform theory implies that some modification of P at the terminal end point can
also be expressed using an SDE. More precisely, let Q € P(C([0,1],R9)) be a path
measure associated with dX; = b;(X;)dt + 0:dB; with b; : RY — R? and o, > 0.
Next, given a potential function h; : RY — R, we define P € P(C([0,1],R9)) such
that for any w € C([0, 1], RY)

(dP/dQ)(w) = hi(w1). (64)
According to the equation, P can be thought as a twisted version of Q. We also define

he(x¢) = fRd h1(x1)Q1|t(dx1,xt). Under mild assumptions on hy, P is associated with
dXt = {bt(Xt) + U?V IOg ht(Xt)}dt + UtdBt.
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Doob’s h-transform
Other Theorems

Let Q be a path measure associated with dX; = b(X:)dt + o+dB;, P is associated
with dX; = {b:(X;) + 02V log h:(X;)}dt + 0+dB;, then we have P, = h;Q;.

D) — b Vhe(x) — % Ahe(x)

Q400) = 7 - (he(x)b) + 5 Ahi(x) (65)
Pt = tht
we have 5 2
_Pg: Y L - [p(b+ 02V log he(x))] + - Dhe(x) (66)
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Doob’s h-transform
Other Theorems

We can proof this via

P08 — 5 [o b+ 2V log h()] + & Ahe()
= —V - (hgb) — V- (qVh) + %Ahq + %Aqh +VgVh (67)
= —V - (gb)h — Vhgb —Vq-Vh— qAh+ %Ahq + %Aqh +VqVh
and

aq(x, t) n qah(x, t) _

h ot ot

1 1
~V - (qb)h+ 5Agh — bVhq — 5 Ahq (68)
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Doob’s h-transform in text book

Other Theorems

Let p(y, t' | x,t) = p(y(t') | x(t)) denote a transition density of an SDE. Let a
function h(t,x) be defined via the space-time regularity property

beox) = [ ply. e+ s [ x Oh(e+5.y) dy. (7.73)
We can now define another Markov process with the transition kernel
Pyt | x, t) = p(y(t') | x(t)) via
h(t+s,y)

P et s [ xt) =ply e s [ )7 o (7.74)
/”h(y’”S‘X’t)dY=/p(y,t+s|x,t)%
— ) (7.75)

© h(t,x)
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Nelson’s Duality

Other Theorems

Let us define a forward process X; that solves dX; = p(t, X¢) dt + o(t, X;) dW; and a
backward process X; that solves dX; = u_ (£, X;) dt + o(£, X;) dW;. We can also
define the corresponding probability measure as p;(x) and p;(x) respectively. Then, if
p1—t(x) = pg(x). The Nelson's Duality tells us that

pi(t,x) + p (£, x) = 0%V log pi(x) = 0V log pe(x) (69)
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Equivalent Nelson’s Duality

Other Theorems

Let us define a forward process X; that solves dX; = p(t, X¢) dt + o(t, X;) dW; and a
backward process X; that solves dX; = u_(£, X;) dt + o (£, X;) dW;. We can also
define the corresponding probability measure as p;(x) and p;(x) respectively. Then, if
p1—t(x) = ps(x). The Nelson's Duality tells us that

pi(t,x) = p (£, x) = 0%V log pi(x) = 0>V log pe(x) (70)
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Expected Grad-Log-Prob Lemma
Other Theorems

Suppose that Py is a parameterized probability distribution over a random variable x.
Exp,[VologPy(x)] =0 (71)
Proof.
Vg/Pg(X) =Vl =

XV@P@(X) = 0 (72)

/ Py(x)VglogPs(x) = 0
Ex~p,[VologPy(x)] =0
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Others
Other Theorems

For any point x € RY such that p(x) # 0, it holds that

L 1
mAp(x) = mv -Vp(x) = o(x )V (p(x)V log p(x))
p(l ) (Vp(x) - Vlog p(x) + p(x)Alog p(x)) (73)

= ||V log p(x)|* + A log p(x)
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Others
Other Theorems

Under mild assumptions such that all distributions approach zero at a sufficient speed
as ||x|| — oo, and that all integrands are bounded, we have

IExwp(x) [A log q(X)] = ]EXNp(X) [V - Vlog q(X)] = IEx'\zp(x) [—V log p(X) - Vlog q(X)]
(74)

where the second equality follows by integration by parts and reparameterization trick
[ Pl (V- Vo atx)) e = [~ (Vplx) - Vlog a(x)) e
(75)
— [ ~plx) (V10 p(x) - V log q(x)) d

More generally, under the same regularity, it holds for a vector field Z : R? — R? that

Exp) [V Z(X)] = Expixy [V og p(x) - Z(x)] - (76)
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Jarzynski Equality

Other Theorems

Using physical arguments, C. Jarzynski (1997) established a seminal identity. The
context is a system following Langevin dynamics in a time-dependent potential U:(Y%):

The standard Jarzynski equality relates the work done on the system,
W = fOT %E(Yt)dt, to the free energy difference, AF = Fr — Fy = In(Zy/Z7), where
Z; is the partition function at time t. The identity is:

E [exp(—W)] = exp(~AF) or E [exp (— /0 i 8U;(tyt)dt)] = % (78)

(Note: The formula in the slide likely omits the exponential function for brevity.)
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Jarzynski Equality 2
Other Theorems

Let (Xt, At) solve the coupled system of SDE/ODE

dXt = —€tVUt(Xt)dt + 251“th7 Xo ~ o, (79)
dAt - —8t Ut(Xt)dt, Ao - 0, (80)

where e; > 0 is a time-dependent diffusion coefficient and W; € R is the Wiener
process. Then for all t € [0,1] and any test function h: R? — R, we have

/R L h(x)pe(x)dx = %, Z:)Zy = e FetFo — Ele?],

where the expectations are taken over the law of (X:, A¢)
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A Generalization of Crooks Fluctuation Theorem

Other Theorems

In 2008, Gavin E. Crooks’ work led to generalized identities. A particularly useful form,
often used for importance sampling, is:

Eq | f(YT)exp —/TaUt—(Yt)dt+ InZo —InZt = Ex~pe r[f(X)] (81)
o Peq, T

ot
~~ ~  —AF: Free Energy Delta
Work Functional, W

Here, the expectation E is over the non-equilibrium forward trajectories, while the
expectation Ex. . - is over the final canonical equilibrium distribution
Peq, T(x) o< exp(—Ur(x)).
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Controlled Crooks’ fluctuation theorem and Jarzynski’s equality

Other Theorems

Define work and free energy as
T
Wr(Y) = —/ 020 In7(Ye)dt, Fr:=—02InZ; := o?In(Re/70).
0

Then, we have the controlled Crooks’ identity,

( dIPTI‘(),O‘ZVm m+Vo
d m1,—02V Inm+Vo

1 1
) (¥) = exp (—;(FT — o)+ 5 Wr(Y) + c?m) ,
where
CoY) = / Voe(Ye) - Vinme(Ye)dt — / Ape(Y:)d
By taking expectations and ¢ = 0, this implies Jarzynski's equality

1
Eﬁwo,a2V|nﬂ' [exp <—; WT):| = ZT/Z().
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Forward-Backward System

Other Theorems
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