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Various Applications with Diffusion Model

Motivation

Motion Planningl(ll 3D Generation!3! Camera Pose Estimation(3!
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Three Perspectives on Discrete Version Diffusion Model

Motivation

Soce Matching
Noise Conditioned Soce Matching Network (NCSN)!

Hierarchical VAE
Denoising Diffusion Probabilistic Model (DDPM)(2]

General Signal-Noise-Ratio
Variational Diffusion Model (VDM)!3!




Motivation
Noise Conditioned Soce Matching Network (NCSN)[1!
- Revisiting Naive Score Matching
- Score Matching perspective of Diffusion Model
- Objective and Noise Schedule Improvement
Denoising Diffusion Probabilistic Model (DDPM)!2]
Variational Diffusion Model (VDM)!3]
- General Signal-Noise-Ratio perspective of Diffusion Model
- Neural Network Parameterized Signal-Noise-Ratio
Hierarchical VAE perspective of DDPMI2
- Revisiting VAE and Evidence Lower BOund
- Hierarchical VAE perspective of Diffusion Model
- Reparameterization Triangle
Further Readings
Reference
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Noise Conditioned Soce Matching Network (NCSN)[1]

- Revisiting Naive Score Matching
- Score Matching perspective of Diffusion Model
- Objective and Noise Schedule Improvement



Why score matching?

NCSNI1l - Revisiting Naive Score Matching

Score matching can be used to approximate the intractable distribution with tractable distribution

) 1
min (’)ZE [ log ()= log () 35] ( )
Example of intractable distribution
Energy-based Model ( )=lexp[— ()] log () =- ()
Unnormalized Model ()= 0 log ()= log ()
Bayesian Posterior (| )=% log ()= log (, )

Example of tractable distribution

Gaussian Distribution ()= \/21—2 22 log ( ):_( _2)

Normaliaing Flow ()= (), ~ (0,1) log ()= Q)




Why score matching?

NCSNI1l - Revisiting Naive Score Matching

Score matching can be used to approximate the intractable distribution with tractable distribution

. 1 2
min (, )=5 [ log ()= log () 3] ( )

Connection with VI (Variational Inference)

”*,
\

L.
>

min [ | ]= [log ()—log ()]

Variational Inference Score Matching

Comparied to VI, score matching leads to more stable score estimation
and can get rid of the intractable normalization constant.




Score matching with data is not trival

NCSNI1I- Revisiting Naive Score Matching

Score matching can be used to approximate the intractable target data distribution

with tractable neural network

: 1
min ( )ZE

()3

the exact score
function is unknown

samples are available in
this data distribution

Two possible choices for learning the target data score function
- Integration by parts trick
- Denoising Score Matching (DSM)

One choice for sample according to the learned score function
- Langevin Dynamics

[21"s'] = | sll2) (@) e i8]




Integration by parts trick

NCSNI1l - Revisiting Naive Score Matching

Integration by parts trick

1 2

5 [ log ()— log ()2l

1 1 5 5

5 [5C log ())*+ (“log ()]

[ log ()— log ()3

1
2

= ()( log ()= log ())?
l 1
2

= ()( log ()?* +3 ()(C log ())* - () log () log ()
const () log ()= ()
= ()(C log ()* - () log ()IES+ () (%log ()
()-0 | |- o0

()( log ()2 + () (20g ()
[C log ()2+ (2log ()]
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Denoising Score Matching (DSM)

NCSNI1l - Revisiting Naive Score Matching

Denoising Score Matching

> [ log ()— log () 3] ( )
1 ~ ~ Y 2
>y [ oty (= g (1) 3 ( )
)= Cl) () represents the noised data
M= ( ) when the noise is small enough

Denoising Score Matching for Gaussian Noise

Instead of approximate ( ) directly, noised (| ) can be specifically defined
(Gaussian Noise)
Cly= ¢, 2)
dog (7] )=
1 o2
5 D) log () - ( )
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Recall the Langevin Dynamics

NCSNI1l - Revisiting Naive Score Matching

Langevin Dynamics

= %5 log ( _))++v | ~ (0, )

o follows some prior distribution. The distribution of
convergesto ( )when - oo

The full pipeline of score matching
SRt Example of Langevin
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Challenges of score-based generative modeling

NCSNI1l - Score Matching perspective of Diffusion Model

Data density Data scores Estimated scores

Example of inaccurate
region of learned score

The manifold hypothesis

The manifold hypothesis states that data in the real world tend to
concentrate on low dimensional manifolds embedded in a high
dimensional space

Low data density regions

The scarcity of data in low density regions can cause difficulties for
both score estimation with score matching and MCMC sampling
with Langevin dynamics.
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Learning score with multi-level noise

NCSNI1l - Score Matching perspective of Diffusion Model

Noise Conditioned Score Matching (NCSN)

(.1} =00= ()e(,

=1
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- O~ .2y )=

Let { } _; be a positive geometric sequence that satisfies =

Example of Noise Conditioned Score Matching
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Different noise level of
data density and samples.

Different noise level of
learned score results.
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Annealed Langevin Sampling

NCSNI1l - Score Matching perspective of Diffusion Model

Annealed Langevin Sampling

Algorithm 1 Annealed Langevin dynamics.

Require: {o;}L ¢ T.
1: Initialize Xg

2: fori < 1to L do
3 a; & €-02/o? > q; 1s the step size.
4 fort < 1to7 do
5 Draw z; ~ N(0,1)
6: %¢ ¢ Rim1 + 50(Ri-1,03) + /& 24
7 end for
8: Xg < X7
9: end for
return X

- Annealed Denoised Iteration

Langevin Dynamics Sampling

Example of Annealed Langevin Sampling
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Objective Improvement

NCSNI1l - Objective and Noise Schedule Improvement

Score-based Objective

(4} =00= ()He(. )

1 ~_ 2
()= - o~y G = )
_1 1 2
-2 - O ~(o,2)—z@— 2
Proof.
Cly= (. 2)

I
= + . ~ (0)

This score neural network (7, ) has
unnormalized output score
This residual neural network (7, )

has normalized output noise




Noise Schedule Improvement

NCSNI1l - Objective and Noise Schedule Improvement

Variance-Exploding Noise Schedule

(4} =00= ()He(. )

=1

Variance-Preserving Noise Schedule

=~ © )
(19= iV 0@-"))

~

e(., )= (. ) -

N[

2

2

2

This can be viewed as the Variance-
Exploding Noise Schedule as

= o+ o, ~ (O)
(lo= (C; o 0)

and this variance grows exponentially

This variance preserving noise schedule
leads more stable learning process

Denoising Diffusion Probabilistic Model (DDPM)!2]

1 2
():E ~01 ~ () ~ (@ 2) G o+V1-" )- .
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VARIATIONAL BOUND FOR TRAINING

DDPMI2!

Q(Xt|xt—1) = N(Xt; v1-— BiX¢—1, ﬁtI)

i b | - o]

q(x¢|x0) = N (x¢; vVarxo, (1 — ay)I) ap =1— B4 Qi = HZ=1 Qs

Efficient training:

Ba| DisaCcrlx) | plcn)) + 3 sl xo) | polxiab) “logmaix)| G (2 (9 - (=) -
t>1

LT Lt 1 Lo

€g (x t t)

Q(Xt—llxt7 Xo) = N(Xt—l; ﬁt(Xt, X0)7 BtI),

Qa o (1 — . 1 — o
Var—15 151: _|_\/ £( & 1)Xt and G, = t=1g
].—Ozt ].—Ozt ].—Oét

where 1, (%1, %0) =



VARIATIONAL BOUND FOR TRAINING

DDPMI2]
Gaussian stochastic process:

1 .
Lems = By g (o 0) = ot O + €

1 1 Bt
= Exg,e [203 NG (Xt(XO,G) - Tc‘vte) — pg(xt(X0, €),1)

/ 3,

bl §) = i (s == VI= Gea(x) ) = = (30~ S en(xt))

2
]EXO,el /Bt HG—GQ(\/C_TtXQ—I-\/].—C_Eté,t)H2]

20’?0&1;(1 — C_Vt)

Algorithm 1 Training Algorithm 2 Sampling
1: repeat 1: xr ~ N(0,1)
2: XONQ(,XO) 2: fort=1T,...,1do
i- t~ [j{;l(l(f)oif)n({L . T} 3. z~N(0,1)ift > 1,elsez = 0
€~ : .
5: Take gradient descent step on X1 = \/% (Xt - \}ﬁee (Xtat)> + o2
Vo ||e — ee(\/o‘ztxo + 1 — 64,56,75)”2 5: end for
6: until converged 6: return xo
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MSE
MSE
MSE

SNR SNR SNR

Variational Diffusion Model (VDM)3]

- General Signal-Noise-Ratio perspective of Diffusion Model

- Neural Network Parameterized Signal-Noise-Ratio




General Signal-Noise-Ratio

VDME3I! - General Signal-Noise-Ratio perspective of Diffusion Model

Variance-Exploding Noise Schedule (NCSNI(1])
= ot o, ~ (0)
(lo= (35 o o)

Variance-Preserving Noise Schedule (DDPM2])

=y~ o*+yJ1-7, ~ (0,)
(lo= (¢ o@=7))

Variance-Nueral Noise Schedule (VDM!(3])
= () o+ (), — O)
(lo= C: O ol "OF)

This will be introduced in this section.
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Neural Network Parameterized Signal-Noise-Ratio

VDME3! - Neural Network Parameterized Signal-Noise-Ratio

Variance-Exploding Noise Schedule (NCSNI(1])
= ot 0 - (01 )
(lo= (35 o o)

Signal-Noise-Ratio must be non-
negative and monotonically decreasing.

Variance-Preserving Noise Schedule (DDPM2]) ,
=y~ o+y1-7, ~ (0 ) SNR()=—= (= ()
(1= iy o@=7)) ,_ C o)
= = ()

Neural Network Parameterized Noise Schedule (VDMI3])

=J - () 0+J C(). ~ ©)
(lo= ( ;J - () o ¢ ())
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General Signal-Noise-Ratio

VDME3I! - General Signal-Noise-Ratio perspective of Diffusion Model

Markov Process in DDPM(2!
Forward %
Diffusion @- G
Process 1) = v (@@= )
Backward
Process @ M Q
\/_(1_ —1) +v (- ) Q- )A-7_9)
(al o) ( — — )

General Markov Process

o O—O—0—0
Diffusion 2 ground truth

neural approxiamation
Process | 5 2| | 2 2|
( 1 ): 2 + 2 0 ( 1 ): 2 + 2 ( , )
2 2 2 2
Backward @ Q Q _O 2(,)= 2(,) =
Process

o= (s G )
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Objective function in VDM

VDME3I! - General Signal-Noise-Ratio perspective of Diffusion Model

consistency/diffusion term

Clol |

=2
CC1l .ol C1))
e ()= ()3
S | |
2, 7 !
=5(=z==2) o= 2
1
=5(NR()=SNR()) o= ( )3

1 2
5 -~ ©) - 0 )[SNRC =1)=SNR()) o— ( o+ ) 3]

reparameterization trick

(. )=C —  C.)

1 2
5 ~ @y ~ O[BNRC =1)=SNR(D( 7/ ) — ( o+ )13
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N

input > l -> < reconstructed output

prior distribution ( ) =

222444222

Nr’

Hierarchical VAE perspective of DDPM!2]

- Revisiting VAE and Evidence Lower BOund

- Hierarchical VAE perspective of Diffusion Model
- Reparameterization Triangle




Evidence Lower BOund of VI and VAE

DDPMI2I - Revisiting VAE and Evidence Lower BOund

Evidence Lower BOund of VI Evidence Lower BOund of VAE
(.,;) (.,
~ () log () ~ (1) log (1)
Proof. Proof.
log (; )= ()log () log (; )= (l[)log ()
= (){dog (., ; )—log C1[: ) = ([)Uog (., ; )—log (1))
B (.;) (1:) _ (.;) (1:)
= ( )log O ( )log O ( | )log D ( | )log D)
(.;) (,:)
= _ () log ()"' cC) Cls» = _ (1) log (|)+ C 1Yy I
(,:) (,:) 1) ()
= - () log () = - () log (l): ~ (1) log (1)

= _ (pllog (I= € (I

27



Variational Auto Encoder

DDPMI2I - Revisiting VAE and Evidence Lower BOund

Graph Structure ELBO Objective of VAE
p(z|z)
V2N )
@ @ ~(|)|09T: - (yllog  CIDHI=C CIHI N
reconstruction term prior matching term
N_7T
q(z|x)

AN

input (1) lz I 1)

I

prior distribution ()= (; , )

reconstructed output

-
-
-
-
-
-
-
-
-
-

28



From VAE to Hierarchical VAE

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

VAE y Backward (Decode) consistency term
reconstruct p(xlz prior matching term
. reconstruction term
prior
@ @ distribution
Add hierarchical
input—> " q(ZI:v structure
' Forward (Encode)
VAE (Hierarchical) Backward Process
- ple pZ122 PZT1ZT
z1|x 22|Z1 ZT|ZT 1) .
e prior
shele il i ISR R
Forward Process 2




From VAE to Hierarchical VAE

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

Graph Structure ELBO Objective of VAE
p(z|z)
@ @ ~ (g =5 = - (g (D= C (DY)
ﬁ)/' reconstruction term prior matching term
q(z|z
ELBO Objective of Hierarchical VAE Graph Structure
( ) ﬂ7|21 Z1|Z2 p(zT 1|27)
- , lo
(12 1) '09 (1 1])
() S O+
=  (p1)log (] 1)+log +log —
( | -1) -, C 1 -1
1 Q(Zl|$ Z2|Z1 q(lezT 1)
=  (yollog ClDI= [ C CT =D C NI- ( . o C CL =Dl C1 +))]
=1

reconstruction term prior matching term consistency/diffusion term



From Hierarchical VAE to Diffusion Model

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

. consistency term
Backward Process (Denoising) y

\/_(1— —1) "'\/ 1= ) o (- )(1— -1)

prior matching term

( ) reconstruction term
| u Q(xt 1|$t 330 xt|xt+1 900
¢
p(xo|z1) p(i—1]xe) P(w¢|Tis1) p(xr_1|xT)
v $1|$0 $t|$t 1 $t+1|$t 33T|$T 1 .
EE E!EEI.I.I.I.I ribut
— T distribution
_1) = v (-

Forward Process (add noise)

Benifits.
The forward process is “deterministic” without neural network. Instead of minimizing the
( (] )| ] +1), diffision model minimizes CC 21, o)l C Z1] )) which

have more supervised signal (more stable to train). 31




Let us derive the objective function

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

Graph Structure ELBO Objective of VAE
wl
| (.:)
offe o
q<z|x> I
1. Replace single variable
distribution with the hierarchical
A@etlze, zo)  q(ztlen, o) joint distribution
p(wo|z1) p(Ti-1|e) p(xe|Tig1) p(xp_1|xT)
_ log :
G LG ey
N 4 \/ . 4 N 4
q(w1|w0) q(w¢|ws—1) q(wey1]2e) q(xr|rr_1)

2. Decomposite the joint

distribution
32




Let us derive the objective function

DDPM!2]- Hierarchical VAE perspective of Diffusion Model

Joint Distribution Decomposite

g (o)
(1) (1210

Graph Structure

Q(»’Ut—1|xt,$0) Q($t|xt+17$0)

p(wolz1) Pl lixt xtlxm
og ) ColD o Cal) PR
(110 il o) (1 o
_ () Gl L, Cal) ol | I
<1:|o>9(|) (4l o0 (To
1o =2 ( -1l o)
_ () Col ), Cilo ( aal )
B L GPUIPS B G I R QR P
) () L al)
— (11 0)[|Og (OI 1)]+ (1] 0) Iog ( | 0) + (1210 Iog - _1| ’ 0)
() ( al )
= (4 0)[log ( ol DI+ C 1o log C T o + . ( o C -l o) log ( _1|1’ S
= (aolog Col DI=  CC 1) (N~ 1ol CCally ol €l )l
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Let us derive the objective function

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

Graph Structure

q(ze—1|2e, o) q(ze|Tig1, 20)

xo|x1 wt 1|$t $t|xt+1 (xT 1|$T)
e RoR e
N_T7 N T T D 4

q(x1|zo) q(xe|ze-1) q(@es1|ae) q(xr|er_1)

crol | O 0 )]

Can be ignored

consistency/diffusion term

3. Combine with the detergréllinistic
noise schedule.




Let us derive the objective function

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

Deterministic Noise Schedule

Backward Process (Denoising)

v (1= —1) "'\/ 11— )0(1

)(1 e,

( <l o) € -

@@@
EE!!I!IIIIIIII

—1) = : 1, d= "))

Forward Process (add noise)

)

+1) p(zr-1|ze

35



Let us derive the objective function

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

ground-truth
1—— (1 — consistency/diffusion term
. O):\/_( 1)1__\/ 1( )
arg min Crol  ( | O 0 DI
neural approxiamation —
N @=T ) @@= ) () _ 1 2
(.) = —— = Crolzz = 2
=2
1 — Q- )3

( |0)[2 Z(t) (1_—)2 [ _A( , ) %]]

=2

4. Rewrite the objective with
€ - prediction.

36




Let us derive the objective function

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

reparameterization trick

=y~ o+yl-" o
(lod= iy o@=7))
__~N1=" o
- Vo
ground-truth
N A=) (@ - )
( 10)_ 1——
-1 1
Vo Iy

neural approxiamation

VAT ) +VTaE- Y ()
-
1_

()

37



Let us derive the objective function

DDPMI2I - Hierarchical VAE perspective of Diffusion Model

ground-truth
consistency/diffusion term

1 1_1— arg min 1ol ( | O . )]
v i N . - )
neural approxiamation =arg min C 1o . _ (o—="( )
VAT ) +VTaE- ) () -2 27O J1-"y )

¢ 1=- Canb
v 1-— | =2
See proof in [4] 1

Denoising Diffusion Probabilistic Model (DDPM)!2]
1

():z ~01 ~ () ~ ( 2) G o+J1-7 )-

38




Training and sampling in DDPM

DDPM!2]- Hierarchical VAE perspective of Diffusion Model

S Algorithm 1 Training Algorithm 2 Sampling
S :
f= é repeat (x0) 1: x7 ~N(0,1I)
4= ¢ Xo ~q(Xo 2: fort=1T,...,1d
8 3: t ~ Uniform({1,...,77}) 3 0er N(O I)’ 0
4: €~ N(0,I)
= 5: Take gradient descent step on 4 Xe-1 = \/L—t (xt \}%59 (xt, t)) +oiz
= Jaxo+ JI—aey)|? 5 endf
z Vo ||e—ee( X + V1 — aye t)” . end for
o 6: until converged 6: return xo
<

Diffusion models often use U-Net architectures with ResNet blocks, skip connections, and self-attention layers.

1
1
1
1
1
1
1
1
1
ES

e ==

Time Representatlon lll

Fully-connected
Layers

Time representation: sinusoidal positional embeddings or random Fourier features.

Nueral Network Structure

Time features are fed to residual blocks using either simple spatial addition or adaptive group normalization layers.
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Reparameterization Triangle

DDPMI2l - Reparameterization Triangle

~ 1
- J@) det

1
;) exp(=5(C =) 7 =)

: = —E — -1 — - "1 _
log (; . ) ;=) (=) ( =)
= log (; ., )+

o
o
~
~

A

Vv

log (; |
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Further Readings

Yang Song about cv publications repositories blog €

Generative Modeling by https://yang-song.net/blog/2021/score/
Estimating Gradients of the
Data Distribution

'™ Variational Diffusion Models 2.0

Understanding Diffusion Model Objectives
as the ELBO with Simple Data Augmentation

DurkKingma ~ Ruigi Gao httpS//SIlde5||VeCom/39006359/

Understanding Diffusion Models: A Unified Perspective
Calvin Luo https://arxiv.org/abs/2208.11970

Google Research, Brain Team

calvinluo@google.com

August 26, 2022
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