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Girsanov Theorem

Background Knowledge Recall

Theorem (Girsanov Theorem)

Given two It6 processes with the same constant volatility:
dx(t) =by(t) + odp(t), x=xg and dy(t) =ba(t)+odp(t), y=xo, the RN
derivative of their respective path measures P, Q is given by

S0 =en (g [ Ius) - bae)P o+ [uts) —bate i) )

where the type signature of this RN derivative is 5= dP : C(T,RY) — R,
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Path Measure

Background Knowledge Recall

Definition (Path Measure)

For an 1t6 process of the form dX; = pu(t, X;) dt + o(t, X¢) dW; defined in [0, T], we
call P the path measure of the above process, with outcome space Q = C([0, T], R9),
if the distribution IP describes a weak solution to the above SDE.
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Nelson’s Duality

Background Knowledge Recall

Let us define a forward process X; that solves dX; = p(t, X¢) dt + o(t, X;) dW; and a
backward process X; that solves dX; = u_ (£, X;) dt + o (£, X;) dW;. We can also
define the corresponding probability measure as p;(x) and p;(x) respectively. Then, if
pT—t(x) = ps(x). The Nelson's Duality tells us that

p (8, %) = p—(E,x) = 0°Vx log pe(x)

p(E,x) = py.(£,x) = 0°V log pg(x)

(2)
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Eularian & Lagrangian Formalism

SOC Perspective of OT

Theorem (Brenier-Benamou Formulation (Eularian Formalism))

ot //‘”’/(fXI\2dut()

0
s.t. 8‘;*+v (vue) =0,

Hi=0 = Ho, Ht=1 = M1,

(3)

Theorem (SOC Formulation (Lagrangian Formalism))

1
inf E{ / 1Hv(r,xt)||2dt}
v o 2

s.t. dXe = v(t, X¢) dt, (4)
Xo ~ po, X1~ p1,
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Eularian & Lagrangian Formalism

SOC Perspective of OT

Proof. (From OT to Brenier-Benamou Formulation).

Please refer the Sec. 3.3 in Stochastic control liaisons: Richard sinkhorn meets gaspard
monge on a schrodinger bridge. O

Proof. (From Brenier-Benamou to SOC Formulation).
Notice that

e { [ e xenract = [ Qe xePaetoa: o

Then, by applying the definition of push-forward operator X,

/ F(Xe(x))dpo(x) = / F(x)dpe() (6)

we can get the equivalent transformation. O g/



Optimality Condition for SOC-OT

SOC Perspective of OT

Theorem (Optimality Condition for SOC-OT)
Let pi(x) with t € [0,1] and x € R", satisfy

opy
ot

where A is a solution of the Hamilton-Jacobi equation

,U:V)\) =0, Ht:o = Mo, (7)

8)\

S IR = ®)

for some boundary condition A(1,x) = A1(x). If pi_; = p1, then the pair (p*,v*) with
v*(t,x) = VA(t, x) is the solution.
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Optimality Condition for SOC-OT

SOC Perspective of OT

Proof. (Optimality Condition for SOC-OT).

Consider the unconstrained minimization of the Lagrangian

L) = | 1 L |30+ Aex) (Bt 49 ) ) axae (9

where p; satisfies the boundary condition. Then, integrating by parts, assuming that
limits for ||x|| — oo are zero, we get

// [ (e, )12 + (---w >]ut(xdxdt
/n/ BAtx,ut +/01/n(9)\tx1/(tx)ut(x)d dt

(10)
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Optimality Condition for SOC-OT

SOC Perspective of OT

Proof. (Optimality Condition for SOC-OT).

The last two integrals are constant for a fixed A and can therefore be discarded. Then,
we consider doing this in two stages, starting from minimization with respect to v for a
fixed flow of probability densities +. Pointwise minimization of the integral at each
time gives that

v, (%) = VA, ) (9)
Then, substituting this expression for the optimal control, we obtain
1
ox 1
s == [ ][5+ IV e ds (10)
rnJo Ot 2

In view of this, if A satisfies the Hamilton-Jacobi equation % + %HV)\H2 =0, then

J(u) is identically zero. O
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SOC Perspective of OT with Prior Drift

SOC Perspective of OT

The generalization to non-trivial underlying dynamics of the form x = f(t, x) + v leads
in a similar manner to

Theorem (SOC with Prior Drift (Eularian Formalism))

. Lo )
inf /O/Rniﬂy(t,x)—f(t,x)H dpie(x) dt

(msv)

Ot (11)

s.t. E + V. (V/.Lt) = 0,

Hit=0 = Ho, Hi=1 = M1,
Theorem (SOC with Prior Drift (Lagrangian Formalism))

11
inf E ~lw(t, Xe)||? dt
o B{ [ GIvtexPac W)
s.t. dXe = (F(t, Xt) + v(t, X)) dt, Xo ~ po, X1~ p1,
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SOC Perspective of OT with Prior Drift

SOC Perspective of OT

The generalization to non-trivial underlying dynamics of the form x = f(t, x) + v leads
in a similar manner to

Theorem (Optimality Condition for SOC-OT with prior drift)

If X satisfies the Hamilton-Jacobi equation

O\
8_+f V/\+—||V)\|| (13)
and is such that the solution u* to
0 *
e bV I+ VNI =0, i = o, (14)

satisfies the end-point condition p;_; = p1 as well, then the pair (uy,v{ = fy + V) is
the solution, provided Ay vanishes as || x|| — oo for each fixed t.
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OT on Path Measure

Schrédinger Bridge Problem
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Dynamic Schrodinger Bridge Problem Formulation

Schrodinger Bridge Problem

Definition (Dynamic Schrodinger Bridge Problem)

P. = i D(P||We 15
SBP afgpeggn(g:’pl) (Pl ) (15)

where W¢ represents the prior path measure induced by the Wiener process
dX = \/edW and

D(P||Q) = Ep {Iog%} , ifP<Q (16)

denotes the relative entropy (KL divergence), and
@(PO,Pl) = {P € G([05 l]aRn)’Pt=0 = Po, Pi=1 = :01} (17)

denotes a path measure has marginal measure pg and p; at time t =0 and t =1,
respectively.
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Static Schrodinger Bridge Problem Formulation

Schrodinger Bridge Problem

Definition (Static Schrodinger Bridge Problem)

P. = ar, min  D(Poy || W5 18
(Pssploy = arg ,_min  D(Pul|g3) (19)

where W; represents the Wiener process induced prior path measure marginalized at
time t =0 and t = 1. Besides, the set of product measure defines as

Moo, p1) = {P01 R 0,1 [ 4Poe,y) = po(x), [ dPoa(y) = pl(y)}
(19)
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Proof from Dynamic SBP to Static SBP

Schrodinger Bridge Problem

Proof. (From Dynamic SBP to Static SBP).
By applying the disintegration theorem

dPgy APy
D(P||WF) = /Iog( )dP / / dPo1dP.
dwe oo o\ dWg chT01 o1
dPo1 ) Po1

= log ( dP,g1dPo1 + / / dP.p1dPo1

/01 A01 de |01 o1 Jjo1 dWTOl |01

dPo1 ) / / Po1

= lo dPOl |Og dP. dPOl

/ (dWos1 o1 J.jo1 dWTm ot

(20)
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Proof from Dynamic SBP to Static SBP

Schrodinger Bridge Problem

Proof. (From Dynamic SBP to Static SBP).
notice that dP,o; = dVV.T01 realizes the so-called Brownian Bridge which defined as

1
Xi = ——(x1 — X W, Xi=o =
dXe = 17— (a e)dt +vVedW,  Xe—o =xo (20)
P(X:|Xo) = N((1 — t)xo + tx1, t(1 — t))

After canceling out the last term in the dynamic SBP, we can complete the proof. [J
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Solution Structure of SBP

Schrédinger Bridge Problem

» For simplicity, we can represent the path measure P as a distribution which
evolves according to the solution of an SDE of the form

» The disintegration theorem tells us that, if we have the optimal dynamic path
measure P*, then the static path measure Pg; is just the start-end time marginal
of the dynamic path measure. If we have the static path measure Pg;, then we
can always infer the dynamic path measure by applying the Brownian bridge.
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Entropic OT Perspective

Equivalent SBP Formulations

Corollary (EntropicOT-SBP)

The SBP has a close connection in the optimal transport community, where the static
SBP is actually equivalent to the entropic optimal transport problem as

minpl)//wdw(x,y)+//Iog7r(x,y)d7r(x,y) (22)

7r€|'|(p0,
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Entropic OT Perspective
Equivalent SBP Formulations

Proof. (EntropicOT-SBP).
Let us define the Wj; as a decomposition dW; (x,y) = dgo(x)N(y|x,€). Then,

dP,
D(Por||We1) =/ log (dvﬁl ) dPo; = / (log dPo1) dPo1 +/ (log dWg;) dPor
o1 01 o1 o1

- 2
= / (IogdP01) dP01 —/ (Iogdqo(x)) dP01 —/ ——”X y“ dP01
01 01 01 2

&

2
min D(Poy || Wey) = min / [ togaps) apos + | / b 4y, + const
(23)
Let the 7 represents the Py, which completes the proof. O
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SOC Perspective

Equivalent SBP Formulations

Corollary (SOC-SBP)

Besides the entropic OT perspective, we can also view the dynamic SBP from the
stochastic optimal control perspective

1
1
inf E —lv(t, X)||? dt
o { [ v xlaf o0
s.t. dX;= V(t,Xt) dt + \/gth, Xo ~ po, X1~ p1,
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SOC Perspective
Equivalent SBP Formulations

Proof. (SOC-SBP).
By applying the Girsanov Theorem,

dP
dWﬁ exp( /||vt( )2 dt + = /Vt(')Tth> (25)
we have that

dp P, dP.
D(P||W?) :/Iog (dwg> sz/Iog (dVl/()Ede) dp

|0

:/ ° (dwe> dPo + / / lve()IPde + = / ve()T dW,dp (26)

=Pl + [ o [ IOIPacs ! [ awar
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SOC Perspective
Equivalent SBP Formulations

Proof. (SOC-SBP).

Since

1
E [/ vt(-)Tth] =0, (25)
0
then L
1
arg min D(Po1||Wg;) = arg minE [g/ ||vt(-)||2dt] (26)
0
O

which completes the proof.
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Fluid Dynamic Perspective

Equivalent SBP Formulations

Corollary (FD-SBP)

The stochastic optimal control perspective of SBP leads an equivalent fluid dynamic
perspective.

/ / S I due(x) di,
(#r,v) n (27)

8 L+ V- (vpe) — —Aﬂt =0, pe=0= po, =1 = 1,
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Dynamic Entropic OT Perspective

Equivalent SBP Formulations

Corollary (DynamicEOT-SBP)

We can also present a dynamic version for entropic optimal transport SBP as

. 1 1 5
ot ] [—IIV(t,X)Iler—IIVlogut||2 djue(x) dt,
(uev) Jo Jro [ 26 8 (28)

0
s.t. ﬁ + V. (vue) =0, pe=o0 = fo, =1 = 1,
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Optimality Condition (SOC)

Optimality Condition of SBP

Theorem (Optimality Condition of SBP (SOC))
In the following, we give the optimality condition for SBP.

Vi
O IV + AV =0
0 €
% +V . (Vt/,tt) - EAMt =0

where the optimal policy (control)

vi = —VEVVi(X) (30)
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Proof from SOC

Optimality Condition of SBP

Proof.
Recall the 1t6 Lemma for SDE dX; = u(X;, t)dt + /edW;:
V(X V(X 10%V(X,
V(X 1) = WXt g, OVIXD) gy | TOVIXGD (42
ot ox 2 Ox2 (31)
V,
= &dt + LV (x, t)dt + VVi(x) - Ved W,

ot

where the L'V/(x, t) is the generator which defines as

LV(x,t) = VV4(x) - u(Xe, t) + g Trace [V2V4(x)] (32)
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Proof from SOC

Optimality Condition of SBP

Proof.
Recall the proof of HJB equation in the optimal control section. The key step is

s+As
V(s.2) = inf { / L(t,x(t), 0(t))dt + V(s + As,x(s + As))}
~ igf {L(s,2,0(s))As + V(s + As,x(s + As))}
~ igf{L(s,z, 0(s))As + V(s,x(s)) (31)

+ 0sV(s,2)As + [V, V(s,2)]" f(s,z,0(s))As}
x(t) = f(t,x(t),0(t)), tels, 7], x(s)=1z
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Proof from SOC

Optimality Condition of SBP

Proof.
Similarly, we can derive the HJB equation for SOC as:

s+As
V(Xs,s) =infE {/ w(Xe, u, t)dt + V(Xsrnas, s + As)}
u s
~infE{w(Xs, u,s)As + V(Xsxas,s + As)}
u
~ inf E{w(X¢, u, t)As + V(Xs, s)
u

+0sV(z,5)As + LV (z,5)As + V Vs(z) - /e AdWs}
dXt = U(Xt, t) dt + \/Eth, t e [S, T], Xs =2z

(31)
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Proof from SOC

Optimality Condition of SBP

Proof.
Then, the HIB equation for this problem is
ov(x,t) = . lu(x, )]
— Vix,t) + ———— 3 =0,V(x, T)=0. 1
3¢ T min {I (x,8) + 7 0,V(x,T)=0 (31)
Then, the optimal u; = —eV4, substitute this optimal control, we can complete the
proof. O
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Optimality Condition (Lagrange Function)

Optimality Condition of SBP

Theorem (Optimality Condition of SBP (Lagrange Function))
In the following, we give the optimality condition for SBP.

1
9 Lo+ Ear=0
0 €
ﬁ + V- (Vtﬂit) — EAM =0

where the optimal policy (control)

Vi = VA(Xe) (33)
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Proof from Lagrange Function

Optimality Condition of SBP

Proof.
We can also prove the same results from the Lagrange function. Consider the
unconstrained minimization of the Lagrangian

£ = [ [ [P 2en) (%49 () - S0 ) axat
(34)
where p; satisfies the boundary condition. Then, integrating by parts, assuming that
limits for ||x|| — oo are zero, we get
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Proof from Lagrange Function

Optimality Condition of SBP

Proof.

where p; satisfies the boundary condition. Then, integrating by parts, assuming that
limits for ||x|| — oo are zero, we get

// [ v(t, x)||? - < +VA-v+ AA)]ﬂt(X)dth

//na[)\tx,ut dx dt+/ /nﬁ[)\txu(tx),ut(x)]d At (34)
A e [ G o
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Proof from Lagrange Function

Optimality Condition of SBP

Proof.
The last four integrals are constant for a fixed A and can therefore be discarded. Then,
we consider doing this in two stages, starting from minimization with respect to v for a
fixed flow of probability densities u;. Pointwise minimization of the integral at each
time gives that

v, (t,x) = VA(t, x) (34)

Then, substituting this expression for the optimal control, we obtain
ox 1
) = / / [ +SIVAIR + SAA| (e dx (35)

In view of this, if A satisfies the Hamilton-Jacobi equation % 2||V)\|| + 5AX =0,
then J(p) is identically zero. O
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Schrodinger System

Optimality Condition of SBP

Theorem (Schrodinger System)

9 _ _sAd « A
% 2. st 9(0,)9(0,)) = po, ®(1,)(1,) = . (36)
5t = 5A®
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Proof for Schrodinger System

Optimality Condition of SBP

Proof.
By applying the Hopf-Cole transform (), zit) — (&, @),

® = exp (g) and & = ppexp (%) ) (37)

1) For the first equation,

1 A\ O 1 A 2 1 A

o\ 1 2 9
3 = 3IVAIT = 54A

(38)
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Proof for Schrodinger System

Optimality Condition of SBP

Proof.

2) For the second equation,
a'U/t ex A _|_ ex _é _1 Q
ot P fe P € ) Ot
e d A A 1
5& |:V,U/t exp ( E) + Mt EXP (—E> (-g) V)\:|
A A 1
= —A,ut exp ( ) + Vut exp ( ) (——) VA
€ € €
A 1 A 1 5
+ V,ut exp ( 6) (—g) VA+ zut exp <_E> (5_2) IVl
+ : ex )\ 1
2'ut P € €
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Proof for Schrodinger System

Optimality Condition of SBP

Proof.
e (1) G-
s A SRSl (o A
+ g () 19N+ S (1) o

substitute the equation % + %HV)\Hz + 5AX = 0 into the above equation
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Proof for Schrodinger System

Optimality Condition of SBP

Proof.

o (‘z) ot~

1 1 1
One e (L2 4 Ean) = S+ S (1) was Svpe (1) wa
ot e \2 2 2 2 € 2 € (37)

g 1 2 £ 1
+ g () 19N+ S (1) o
0 €
ﬁ = S = ViV = A

which completes the proof.
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Proof for Schrodinger System

Optimality Condition of SBP

Proof.
3) The Lagrangian function of static SBP has the form

= [ [ (P"l(”)) Por(x.y) dxdy

+ [360] [ Pateryay = | ax+ [utn | [ Putenyax = min) ay
(37)
Setting the first variation equal to zero, we get the sufficient optimality condition

1+ log Pg;(x,y) — loggo(x) — logp(0, x, 1, y) 4+ A(x) + p(y) = 0 (38)
where we have used the expression W§;(x,y) = qo(x) p(0, x, 1, y).
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Proof for Schrodinger System

Optimality Condition of SBP

Proof.
Then, we get

Pg1(x.y)
m =exp [Iog g/ (x) —1—A\(x) — M(y)}

— exp [log " (x) = 1 = A(X)] exp [~pu(y)]
= ®(x) + d(y)

(37)

Then, the optimal Pg;(x, y) has then the form

Psi(x,y) = (x) p(0,x, 1, y) ®(y) (38)

31/37



Proof for Schrodinger System

Optimality Condition of SBP

Proof.
with ® and & satisfying

B00) [ 0.5, Ly)00)dy = o). ®) [ p0.x, L) B A =pmly)  (37)
Let (0, x) = ®(x), d(1,y) = d(y) and
d(Ly) = [ pO.x 180X 60.x) = [ pO.x 1y LYY (30)

with the boundary conditions

®(0,x) - $(0,x) = po(x),  ®(L,y)- B(L,y) = pa(y)- (39)
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SBP with General Prior
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SBP with General Prior

SBP with General Prior

Definition (Dynamic SBP)

Psgp = in  D(P||P 40
sep = arg | min (PIIP) (40)

where P represents the prior path measure induced by the stochastic differential
equation dX; = f(t, X;) dt + /e dW; and

D(P||P) = Ep {Iogj—g} , ifP<P (41)

denotes the relative entropy (KL divergence), and

D(po, p1) = {P € C([0, 1], R")|Pt=o = po, Pt=1 = p1} (42)

denotes a path measure has marginal measure pg and p; at time t =0 and t =1,

respectively. 33/37



SBP with General Prior
SBP with General Prior

Corollary (SOC-SBP)

11
inf E — Xp)|?
o { [ e x e} )
s.t. dXe = [f(t, Xe) + v(t, Xe)] dt + VedWs, Xo ~ po, X1~ pa,

34/37



SBP with General Prior
SBP with General Prior

Corollary (DynamicEOT-SBP)
Let .
v(t,x) = f(t,x) — EV/ogﬁt(Lx) (44)

be the velocity of the prior process. We can also present a dynamic version for entropic
optimal transport SBP as

in — x) — v(t,x)||* + u(t, x), 5 X
(mj;)//n[ o) = (e + GV S| s,

8 S 4V (vie) =0, fie—o = po, fe—1 = i1,
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Optimality Criteria

SBP with General Prior

Theorem (Optimality Criteria)

let us consider a general Markovian prior measure P which induced by a forward SDE
dX; = f(t, X;)dt + /e dW;. Then the corresponding optimality criteria defines as

9 =

9 _ _tAD—f-VO . N
2 L st ®0,)8(0,-) = po, ©(1,)d(1,-) =p1. (46
{%—fz%Ad)—V-(M) st ®(0,)9(0,7) = po, (L, )P(1,7) =p1.  (46)
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» Stochastic control liaisons: Richard Sinkhorn meets Gaspard Monge on a
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» On the relation between optimal transport and Schrodinger bridges: A stochastic
control viewpoint
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